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E v a l u a t i n g  Time S t r e a m s  2 f  Income* 
David E .  B e l l * *  
When a  d e c i s i o n  maker  c o n s i d e r s  p o s s i b l e  r e t u r n s  f-OF 
a  h u s i r l e s s  p r o j e c t  o r  i n v e s t m e n t ,  he  o f t e n  r a c e s  t h e  p r ,>b-  
:em t h a t  t h e s e  r e t u r n s  a r e  n o t  a l l  r e c e i v e d  a t  +.he same 
t ' m ~ ,  and  t h u s  h e  must  make s?me a d j u s t m e n t s  t o  Lake ac ! .oun t  
o f  h i s  t i m e  D r e f e r e n c e  f o r  money. A f t e r  a  r e v i o w  2 f  d i s -  
I - n u n t i n g ,  a  ~ ~ C , i l i t y  h e o r y  a p p r o a c h  i s  made by d e v e l o c i ~ p  
r > w o - a t t r l b ~ l t e  u t i l i t y  f u n c t i o n  u ( x , t )  which r e p r e s e ~ t ~  
' rie d e s i r a k ) i l i t y  of a n  income o f  x a t  a  t i m e  f i n  t h e  f.1- 
t u r e .  Assumpt ions  t o  s i m p l i f y  t h e  a s s e s s m e n t  o f  t h i s  puvic-  
t i o n  a r e  c o n s i d e r e d .  Then u ( x , t )  i s  u s e d  t n  form s c r l t t t - L -  
on f o r  e v a l u a t i n g  i n f i n i t e  t i m e  s t r e a m s  o f  income.  
When a  d e c i s i o n  maker c o n s i d e r s  p o s s i b l e  r e t u r n s  f rom a  
b u s i n e s s  p r o j e c t  o r  i n v e s t m e n t ,  h e  o f t e n  f a c e s  t h e  p rob lem 
t h a t  t h e s e  r e t u r n s  a r e  n o t  a l l  r e c e i v e d .  a t  t h e  same t i m e ,  and  
t h u s  h e  must  make some a d j u s t m e n t s  t o  f a k e  a c c o u n t  h i s  t i m e  
p r e f e r e n c e  t o  money. 
T h i s  p a p e r  u s e s  u t i l i t y  t h e , > r y  t o  examine t h e  p rob lem 
o f  e v a l u a t i n g  t i m e  s t r e a m s  o f  income b o t h  i n  c i r c u m s t a n c e s  o f  
c e r t a i n t y  a n d  u n c e r t a i n t y  w ,  :h r e g a r d  t o  t h e  exac t .  val l le  and  
t i m i n g  o f  t h e  incomes .  
I f  a  c o m p a r i s o n  o f  v a l u e  be tween  two sums o f  money i s  t o  
be  made, where  one  sum i s  e x p r e s s e d  i n  d o l l a r s ,  t h e  o t h e r  i n  
pounds ,  t h e  f i r s t  s t e p  would b e  t o  c o n v e r t  one  sum i n t o  t h e  
u n i t s  o f  t h e  o t h e r .  
* 
T h i s  p a p e r  w i l l  be  p u b l i s h e d  i n  a f o r t h c o m i n g  i s s u e  o f  
OMEGA. 
* * 
T h i s  r e s e a r c h  was p a r t  o f  a M a s t e r ' s  T h e s i s  s u p e r v i s e d  
by P r o f e s s o r  Ralph Yeeney a t  t h e  O p e r a t i o n s  R e s e a r c h  C e n t e r ,  
M a s s a c h u s e t t s  I n s t i t u t e  o f  T e c h n o l o g y ,  T1.S.A.  
A s i m i l a r  s i t u a t i o n  a r i s e s  when making comparisons b t -  
tween two sums of  money o f f e r e d  a t  d i f f e r e n t  t i m e s .  Compare 
a n  o f f e r  of  $100 t o  be r e c e i v e d  now w i t h  one of $120 t o  b e  
r e c e i v e d  i n  one y e a r ' s  t i m e .  I f  bo th  o f f e r s  were f o r  t h e  
same t ime p e r i o d  t h e r e  would be  no problem i n  m a k i ~ g  a  c h o i c e ,  
b u t  t h e  t ime l a g  of  one y e a r  i n  t h e  more v a l u a b l e  o f f e r  makes 
t h e  p r e f e r e n c e  of  $120 l e s s  l i k e l y .  Unl ike  t h e  e x i s t e n c e  of  
exchange r a t e s  f o r  f o r e i g n  c u r r e n c i e s  t h e r e  i s  no easy  +.able 
f o r  c a l c u l a t i n g  e q u i v a l e n c e s  o f  ca sh  between d i f f e r e n t  t ime 
p e r i o d s .  
There  i s ,  however, t h e  f a c i l i t y  t o  l e n d  and borrow money 
a t  f i x e d  i n t e r e s t  r a t e s  a t  banks and s i m i l a r  i n s t i t u t i o n s .  
Suppose t h a t  we have a  means o f  e a r n i n g  1 0 0 i %  i n t e r e s t  
p e r  annum on a n  inves tmen t ,  t h e n  i n  o u r  example $100 i n v e s t ~ d  
now w i l l  be wor th  $100(1  + i )  a f t e r  one y e a r .  So i t  i s  worth-  
w h i l e  c o n s i d e r i n g  whether  1 0 0 ( 1  + i )  > 120.  Fo r  i f  s o ,  t hen  
i t  i s  e v i d e n t l y  wise  t o  p r e f e r  t h e  $100 now t o  t h e  $179 i n  
one y e a r .  
Suppose a l s o  t h a t  we have a  means o f  borrowing money f o r  
any g i v e n  l e n g t h  of  t ime t o  be r e p a i d  w i t h  a  compound cha rge  
120 
o f  100r$ p e r  annum on t h e  l o a n .  So we cou ld  borrow $- 1 + r  
now and when we r e c e i v e  t h e  $120, pay back t h e  ~ r i n c i p a l  and 
t h e  i n t e r e s t .  So,  i s  120 > kOO? I f  s o ,  t h e n  we shouli4 l + r  
p r e f e r  t h e  $120 o f f e r .  
T h i s  s imple  r u l e  w i l l  n e v e r  be  c o n t r a d i c t o r y  a s  l ong  a s  
r > i which i s  t h e  c a s e  t o  be  e x p e c t e d ;  o t h e r w i s e  we could  
make a  l a r g e  p r o f i t  by r e i n v e s t i n g  l o a n s .  
I f  t h e  s i m p l i f y i n g  a s s u m p t i o n  t h a t  i = r i s  made ( t e r m e d  
a n  i n f i n i t e  l i n e a r  b a n k )  t h e n  a n  amount $A t o  b e  r e c e i v e d  a t  
t i m e  T  must  b e  p r e f e r r e d  t o  a n  amount $B a t  t i m e  S i f  and o! l y  
i f  
T h i s  p r o c e d u r e  o f  c o m p a r i s o n  i s  known as d i s c o u n t i n g  a n d  
r i s  t h e  d i s c o u n t  r a t e .  To implement  t h i s  method r ~ q u i r e s  
o n l y  t h e  a s s e s s m e n t  o f  a  v a l u e  o f  r s u i t a b l e  t o  t h e  d e c i s i o n  
maker .  
However, t h e  s i t u a t i o n  i = r i s  i d e a l i s t i c  and  F i g u r e  1 
shows t h e  s i t u a t i o n  when r > i. An amount $x t o  b e  r e c e i v e d  
a t  t i m e  t w i l l  b e  d e n o t e d  ( x , t ) ,  and i f  ( x l , t l )  i s  c o n s i d e r e d  
i n d i f f e r e n t  by t h e  d e c i s i o n  maker i n  q u e s t i o n  t o  ( x 2 , t 2 )  we 
w i l l  w r i t e  
The s h a d e d  a r e a  i n  F i g u r e  1 r e p r e s e n t s  a l l  t h e  p o i n t s  o f  t h e  
x - t  p l a n e  which  c o u l d  b e  i n d i f f e r e n t  t o  $100 .  I f  t h e  p o i n t  
( 1 2 0 , l )  l i e s  i n  t h i s  s h a d e d  a r e a  t h e  q u e s t i o n  o f  p r e f e r e n c e  
b e t w e e n  (100,O) a n d  ( 1 2 0 , l )  i s  u n r e s o l v e d  and  i s  a  m a t t e r  o f  
p e r s o n a l  t i m e  p r e f e r e n c e  f o r  t h e  d e c i s i o n  maker .  
The d e c i s i o n  maker  may w i s h  t o  maximize t h e  money a v a i l -  
a b l e  t o  him now o r  h e  may w i s h  t o  r a i s e  t h e  most  c a p i t a l  f o r  
some v e n t u r e  i n  t h e  f u t u r e .  It i s  t h i s  p e r s o n a l  t i m e  p r e f e r -  
e n c e  which  i s  u n a c c o u n t e d  f o r  when p r e s e n t  v a l u e  d i s c o u n t i n g  
1 t ( Y E A R S  1 
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i s  used  and it i s  t h e  air11 o f  t h i s  pape r  t o  p r o v i d e  a  scheme 
t o  i n c o r p o r a t e  t h i s  p r e f e r e n c e  i n t o  t h e  d e c i s i o n  p rocedure .  
We w i l l  not  a t t empt  t o  g i v e  h e r e  s grounding  i n  u t i l i t y  
t h e o r y  ( s e e  R a i f f a  [ 7 ]  i n s t e a d ) .  But t h e  e s sence  of a  u t i l i t y  
f u n c t i o n ,  s a y  f o r  money, u r ( x ) ,  i s  t h a t  f o r  a  s i t u a t i o n  hav ing  
u n c e r t a i n  outcomes, a  p r o b a b i l i t y  e x p e c t a t i o n  of  t h e  f u n c t i o n  
w i l l  produce a  c e r t a i n t y  e q u i v a l e n t  which i n c o r p o r a t e s  t h e  
d e c i s i o n  maker ' s  a t t i t u d e  t o  r i s k .  
For  ou r  problem l e t  us  i n t r o d u c e  2 two-dimensional ,  o r  
t w o - a t t r i b u t e ,  u t i l i t y  f u n c t i o n  u ( x , t )  which r e p r e s e n t s  t h e  
v a l u e  t o  t h e  d e c i s i o n  maker o f  an  e x t r a  income of $x t o  be  
r e c e i v e d  a t  t i m e  t bu t  promised now ( t  = 0 ) .  That i s ,  t h e  
money i s  i n  a d d i t i o n  t o  a l l  p r e s e n t l y  p e r c e i v e d  income. Tn 
demons t r a t e  t h e  u s e f u l n e s s  of  a  u t i l i t y  f u n c t i o n ,  c o n s i d e r  
a  f i r m  which i s  o f f e r e d  a  p r o j e c t  which h a s  a  50-50 chance 
of  s u c c e s s  w i t h  a  p r o f i t  o f  one m i l l i o n  d o l l a r s .  Unfo r tuna t e -  
l y  f a i l u r e  w i l l  mean a  l o s s  o f  $90,000. The f i r m  we a r e  
c o n s i d e r i n g  f a c e s  bankruptcy  ( o r  worse)  i f  i t s  d e b t s  r i s e  t o  
$100,000. The r e s u l t s  of  t h e  p r o j e c t  w i l l  no t  be known f o r  
one y e a r .  Should t h e  f i r m  a c c e p t  t h e  p r o j e c t ?  
D i scoun t ing  a t ,  s ay ,  r = 0 . 1 ,  y i e l d s  a  p r e s e n t  v a l u e  of 
_ . .  [1,000,000 - 90,000] = +$410,000, i r d i c a t i n g  accep-  
2 11 
t a n c e .  A p o s s i b l e  u t i l i t y  f u n c t i o n  f o r  t h e  f i r m  might be 
1 0  t 
u ( x , t )  = (ii) l o g  (x + 100,000)  . 
The c e r t a i n t y  e q u i v a l e n t  o f  t h e  p r o j e c t  c  i s  g i v e n  by 
which g i v e s  a  v a l u e  f o r  c  of  +$36,000. 
Both systems recommend a c c e p t a n c e  but  t h e  u t i l i t y  func-  
t i o n  h a s  a l r e a d y  reduced t h e  p r e s e n t  v a l u e  o f  t h e  gamble t o  
r e f l e c t  t h e  r i s k  a v e r s e n e s s  o f  t h e  f i r m  t o  gambles which i n -  
vo lve  p o s s i b l e  l a r g e  d e b t s .  
The example i s  exagge ra t ed  f o r  e f f e c t  b u t  d e m o n s t r a t e s  
t h e  i d e a s  i nvo lved .  
The C a l c u l a t i o n  o f  t h e  U t i l i t y  Func t ion  
The t h e o r y  of  u t i l i t y  i s  ex t r eme ly  u s e f u l - - i n  t h e o r y ,  
b u t  i t s  f l aw  l i e s  i n  t h a t  implementing t h e  t h e o r y  can  be 
d i f f i c u l t  i n  p r a c t i c e .  The d i f f i c u l t y  l i e s  i n  a s s e s s i n g  t h e  
u t i l i t  f u n c t i o n s  r e q u i r e d ;  t h e  more a t t r i b u t e s  a  u t i l i t y  
f u n c t i o n  h a s ,  t h e  more compl i ca t ed  t h e  a s s e s s m e n t .  For  a  
s imp le  problem w i t h  r e l a t i v e l y  s m a l l  amounts o f  ca sh  i n v o l v e d  
i t  may w e l l  no t  be wor th  g o i n g  th rough  t h e  t r o u b l e  o f  a c t u a l l y  
a s s e s s i n g  t h e  f u n c t i o n .  However, f o r  more weighty d e c i s i o n s ,  
o r  f o r  r e g u l a r  f i n a n c i a l  d e c i s i o n s , i t  may w e l l  be  wor th  i n -  
v e s t i n g  t h e  t i m e  i n  a s se s smen t .  
The u t i l i t y  f u n c t i o n  i n  q u e s t i o n  may be  a s s e s s e d  d i r e c t -  
l y  a s  a  t w o - a t t r i b u t e  f u n c t i o n ,  bu t  i f  a  s i m p l i f y i n g  assump- 
t i o n  c a n  be  found t h e  a s se s smen t  w i l l  be e a s i e r .  We w i l l  
assume t h a t  a  u t i l i t y  f u n c t i o n  f o r  money a l o n e ,  u * ( x ) ,  ha s  
a l r e a d y  been c a l c u l a t e d  and s c a l e d  s o  t h a t  u*(O) = 0 .  Note 
t h a t  u * ( x )  = u ( x , O ) .  
Let  u s  c o n s i d e r  t h r e e  p o s s i b l e  assumpt ions  and t h e i r  
s i m p l i f y i n g  e f f e c t s .  
1. Weak S t a t i o n a r i t y  o f  Time P r e f e r e n c e s  
Cons ide r  a n  u n c e r t a i n  s i t u a t i o n  which w i l l  r e s u l t  i n  
e i t h e r  a  payoff  o r  $x o r  $y w i t h  e q u a l  p r o b a b i l i t y ,  b o t h  
amounts t o  be  r e c e i v e d  a t  t ime  t .  Suppose t h a t  it i s  f e l t  
t h a t  an  amount $z f o r  s u r e ,  t o  be r e c e i v e d  a t  t i m e  t, i s  j u s t  
e q u i v a l e n t  i n  v a l u e  t o  t h e  gamble. That i s  
The assumpt ion  i s  a s  f o l l o w s .  Suppose t h a t  t h e  v a l u e  o f  t 
were a l t e r e d ,  would t h i s  a l t e r  t h e  v a l u e  o f  z ?  I f  n o t  t hen  
we can say  t h a t  (1) i s  t r u e  f o r  a l l  v a l u e s  o f  t .  
I f  t h i s  assumpt ion  i s  t r u e  t h e n  we can  s a y  ( s e e  Keeney 
[2]  ) t h a t  
f o r  some f u n c t i o n s  f ,  g  and f o r  any v a l u e  T. 
C l e a r l y  (O , t ) - - (0 ,O)  s o  t h a t  u ( 0 , t )  = u(0 ,O)  = u*(O) = 0;  
by s u b s t i t u t i n g  T  = 0 ,  x  = 0  i n t o  (1) we s e e  t h a t  f ( t )  = 0 .  
Hence 
Thus,  u ( x , t )  i s  known a f t e r  t h e  assessment  o f  a  one-dimen- 
s i o n a l  t i m e  f u n c t i o n  g ( t ) ,  a  much e a s i e r  t a s k .  
2 .  S t r o n g  S t a t i o n a r i t y  o f  Time P r e f e r e n c e s  
T h i s  second assumpt ion  i m p l i e s  t h e  f i r s t  s o  cannot  ho ld  
i f  t h e  f i rs t  does  n o t .  The f i r s t  assumpt ion  cons ide red  gam- 
b l e s  where a l l  p a y o f f s  were a t  t h e  same t i m e .  Suppose t h a t  
i n  a  50-50 gamble between ( x , t )  and ( y , s )  t h e  d e c i s i o n  maker 
f e e l s  ( z , r )  f o r  c e r t a i n  i s  j u s t  e q u i v a l e n t .  Then i f  t h e  
whole gamble i s  de layed  an  amount h  i n  t i m e ,  can  we a s s e r t  
t h a t  ( z , r  + h )  i s  j u s t  e q u i v a l e n t  t o  t h e  de l ayed  l o t t e r y ?  
I f  s o ,  t h e n  s i n c e  u ( x , t )  = g ( t )  u * ( x )  from t h e  f i r s t  
assumpt ion ,  we have t h a t  
f o r  a l l  h .  Put  y  = 0 a s  a  s p e c i a l  ca se ,  t h e n  ( 2 )  becomes 
f o r  al.1 11. So 
g ( r  + h, = c o n s t a n t .  
g ( t  + h )  
Let h  = - min ( r , t )  = -r s a y ,  s o  t h a t  
g ( r  + h )  = 1 ( s i n c e  g ( 0 )  = 1) . 
g ( t  + h )  g ( t  - r )  
L e t t i n g  t - r = m and r + h  = n ,  we have 
from which we deduce t h a t  
f o r  some c . 
Hence, 
- c t  
u ( x , t )  = e  u * ( x )  , 
C 
where 1 + r = e  . Thi s  i s  c a l l e d  u t i l i t y  d i s c o u n t i n g  and 
s p e c i a l i z e s  t o  t h e  c a s e  o f  o r d i n a r y  d i s c o u n t i n g  i f  u * ( x )  i s  
assumed t o  be  l i n e a r .  
3 .  Temporal I n v a r i a n c e  o f  I n d i f f e r e n c e  
Th i s  l a s t  assumpt ion  c o n s i d e r e d  h e r e  i s  t h e  weakest  o f  
t h e  t h r e e .  I t s  i m p l i c a t i o n s  a r e  no t  p r e c i s e  b u t  it i s  pre -  
s e n t e d  h e r e  because  t h e  assumpt ion  may be o f t e n  more r e a d i l y  
a p p l i c a b l e  t h a n  t h e  p r e v i o u s  two: I f  ( x , t )  -- ( y , s )  t h e n  
( x , t  + h )  - ( y , s  + h )  f o r  a l l  h  > 0 .  That  i s ,  i f  two q u a n t i -  
t i e s  a r e  cons ide red  e q u i v a l e n t  and a r e  t h e n  de l ayed  by e q u a l  
amounts t h e y  remain i n d i f f e r e n t  t o  each  o t h e r .  
The e f f e c t  on t h e  form of  t h e  u t i l i t y  f u n c t i o n  can  be  
observed  by examinat ion  of  F i g u r e  2. The cu rve  x  = f l ( t )  
r e p r e s e n t s  a l l  t h o s e  p o i n t s  i n  t h e  ( x , t )  p l a n e  which a r e  
i n d i f f e r e n t  t o  (1 ,O) .  S i m i l a r l y  x  = f 2 ( t )  r e p r e s e n t s  a l l  
t h o s e  p o i n t s  i n d i f f e r e n t  t o  (2 ,O) .  Suppose t h a t  f o r  some 
p a r t i c u l a r  v a l u e s  o f  x  and t ,  (2,O) - ( x , t )  . For  some t ime  
v a l u e  s ,  
and by t h e  assumpt ion ,  
( 2 , s )  - ( x , t  + S )  . 
I n  g e n e r a l ,  
where ( x , c )  -- (y,O) . ( 3 )  
So, suppose t h a t  we c a l c u l a t e  a n  i n d i f f e r e n c e  cu rve  
x  = f ( t )  o r  u ( x , t )  = c o n s t a n t .  By c o n s i d e r a t i o n  of  F i g u r e  3  
and  ( 3 )  we can s e e  t h a t  u ( x , t )  i s  comple t e ly  de termined  i n  
t h e  shaded r e g i o n .  . I n  f a c t ,  u ( x , t )  = u* [ f  ( f - l  ( x )  - t)]  f o r  
x  2 f ( t ) .  A s i m i l a r  a n a l y s i s  y i e l d s  a p p r o p r i a t e  r e s u l t s  f o r  
t h e  c a s e  x  < 0 .  
For  example, i f  u * ( x )  = l-e-" and ( 1 , O )  - ( e t , t )  f o r  
a l l  t ,  t h e n  u ( x , t )  = 1 - exp[ -c exp ( l o g  x  - t ) ]  = 1 - exp 
The E v a l u a t i o n  o f  Time St reams 
We have shown how a  money u t i l i t y  f u n c t i o n  u * ( x )  may be  
ex t ended  t o  a  u t i l i t y  f u n c t i o n  u ( x , t )  d e a l i n g  w i t h  money and 
t i m e .  A more d i f f i c u l t  and pe rhaps  i n su rmoun tab le  problem i s  
t h a t  of e x t e n d i n g  i t  f u r t h e r  t o  d e a l  w i t h  t ime  s t r e a m s  of  i n -  
- 
TIME 
FIGURE 2 .  T H E  IMPLICATIONS OF ASSUMPTION 3 .  
come. A t ime  s t r e a m  may be r e p r e s e n t e d  d i s c r e t e l y  a s  a n  i n -  
f i n i t e  v e c t o r  (xo,x1,x2,x3,  . . .  ) where x  r e p r e s e n t s  t h e  i n -  i 
come t o  be r e c e i v e d  i n  p e r i o d  i ,  o r  c o n t i n u o u s l y  a s  a  func-  
t i o n  x ( t )  which r e p r e s e n t s  t h e  t o t a l  n e t  income from t h e  
s t r e a m  a t  t ime  t .  
To make c l e a r  t h e  problem i n v o l v e d  i n  f i n d i n g  a  u t i l i t y  
f u n c t i o n  o v e r  t ime  s t r e a m s  c o n s i d e r  t h e  c a s e  o f  a  j o i n t  i n -  
come o f  ( x , t )  and ( y , s ) .  
A f i r s t  g u e s s  would p robab ly  b e  t o  a s s i g n  a  u t i l i t y  o f  
t o  t h i s  doub le  income. But t h i s  would imply t h a t  
T h i s  w i l l  o n l y  be t h e  c a s e  i f  u ( x , t )  = x f ( t )  f o r  some func-  
t i o n  f .  Note t h a t  d i s c o u n t i n g  has  a  u t i l i t y  f u n c t i o n  o f  t h i s  
form, namely 
s o  t h a t  t h e  u t i l i t y  o f  a  t i m e  s t r e a m  i s  j u s t  t h e  sum o f  t h e  
u t i l i t i e s  o f  i t s  components ,  
z TIME 
FIGURE 3. REGION IN WHICH THE UTILITY FUNCTION 
IS  FULLY DETERMINED. 
Koopmans [3,4]  and  Meyer [ 5 ] ,  i n  p a r t i c u l a r ,  have d i s c u s s e d  
a s s u m p t i o n s  t o  s i m p l i f y  t h e  p rob lem o f  t i m e  s t r e a m  u t i l i t y  
e v a l u a t i o n .  The s o l u t i o n  p r o p o s e d  h e r e ,  however ,  i s  b a s e d  
upon a c h i e v i n g  an  a p p r o x i m a t e  s o l u t i o n ,  r a t h e r  t h a n  a n  e x a c t  
one  b a s e d  on s i m p l i f y i n g  a s s u m p t i o n s .  
We w i l l  c o n s i d e r  t h e  d i s c r e t e  c a s e  f i r s t ,  t h e n  deduce  
t h e  a n a l o g o u s  r e s u l t  i n  t h e  c o n t i n u o u s  c a s e .  C o n s i d e r  a g a i n  
t h e  s t r e a m  ( X ~ , X ~ , X ~ , . . . )  a n d  t h r e e  s p e c i a l  examples  o f  t h i s  
s t r e a m ,  namely ( 2 , 0 , 0  ,... ) ,  ( 0 , 2 , 0 , 0  ,... ) ,  a n d  ( 2 , 2 , 0 , 0 , 0  ,... ) .  
L e t  t h e i r  u t i l i t i e s  b e  ul ,u2,  and u  r e s p e c t i v e l y .  We can  3 
a s s e r t  t h e  f o l l o w i n g  r e l a t i o n s  be tween  t h e s e  q u a n t i t i e s :  
i) u1 > u 2  b e c a u s e  o f  assumed i m p a t i e n c e ;  it i s  p r e f e r -  
a b l e  t o  r e c e i v e  money s o o n e r  r a t h e r  t h a n  l a t e r .  
i i )  u 3  < u + u 2 ,  b e c a u s e  i n  t h e  two-income s t r e a m ,  t h e  1 
v a l u e  o f  t h e  second  income i s  o f f s e t  by t h e  f i r s t .  
So how may we j u d g e  t h e  v a l u e  o f  u3? C o n s i d e r  t h e  c o r r e s p o n -  
d i n g  s i t u a t i o n  f o r  t h e  u t i l i t y  f u n c t i o n  f o r  money a l o n e ,  u * .  
The u t i l i t y  o f  a n  income o f  x  f o l l o w e d  by one o f  y  i s  u * ( x  + y )  
which  may b e  w r i t t e n  a s  
t h a t  i s ,  t h e  u t i l i t y  o f  t h e  f i r s t  income t o g e t h e r  w i t h  t h e  
i n c r e a s e  i n  u t i l i t y  due  t o  t h e  second  income.  We w i l l  a d o p t  
t h i s  s t r a t e g y  i n  t h e  c a s e  o f  o u r  t i m e  s t r e a m s  and  w r i t e  
I n  g e n e r a l ,  l e t t i n g  
we have 
as a measure of  t h e  u t i l i t y  o f  t h e  t ime  s t r eam.  
Note t h a t  i f  we r e t u r n  t o  t h e  s p e c i a l  c a s e  o f  d i s c o u n t i n g  
and s u b s t i t u t e  u ( x , t )  = X i n t o  ( 4 )  we o b t a i n  t h e  r e -  
(1 + r )  
q u i r e d  e x p r e s s i o n  
T r a n s f e r r i n g  t o  t h e  con t inuous  form we have f o r  a  f u n c t i o n  x ,  
R e w r i t i n g  e q u a t i o n  ( 4 )  a s  
m 
a n  e q u i v a l e n t  c o n t i n u o u s  f o r m u l a  i s  
Summary 
--
The p r o p o s e d  s y s t e m  o f  d e a l i n g  w i t h  t h e  problem o f  de-  
l a y e d  incomes  ( o r  p a y m e n t s ) ,  o r  t i m e  s t r e a m s  o f  s u c h  income,  
i s  c o m p l i c a t e d  compared t o  t h e  simplicity o f  f i x e d  r a t e  d i s -  
c o u n t i n g .  The aim of  t h i s  p a p e r  however h a s  been  t o  p r e s e n t  
a n  a l t e r n a t e  method which t a k e s  more a c c o u n t  of t h e  t i m e  
p r e f e r e n c e s  o f  t h e  d e c i s i o n  maker  and y e t  i s  n o t  i n t r a c t a b l e ,  
f o r  i t  i s  o f  l i t t l e  u s e  p r e s e n t i n g  a  p e r f e c t  model  which 
c a n n o t  b e  implemented.  
I f  any  of t h e  t h r e e  a s s u m p t i o n s  m e n t i o n e d  a r e  f e l t  t o  
b e  a p p l i c a b l e ,  s o  much t h e  b e t t e r ,  b u t  t h e  a s s e s s m e n t  o f  a  
t w o - d i m e n s i o n a l  u t i l i t y  f u n c t i o n ,  w h i l s t  d i f f i c u l t ,  i s  n o t  
i n s u p e r a b l e .  
The i n c r e a s e d  a c c u r a c i e s  g a i n e d  f rom t h i s  s y s t e m  a r e  
t w o f o l d .  Apar t  f rom t h e  f a c t  t h a t  t h e  d e c i s i o n  m a k e r ' s  t i m e  
p r e f e r e n c e s  h a v e  been r e p r e s e n t e d  by a  two-d imens iona l  f u n c -  
t i o n  i n s t e a d  o f  a  s i n g l e  c o n s t a n t  r ,  t h e r e  i s  a l s o  t h e  advan-  
t a g e  i n h e r e n t  i n  t h e  u s e  o f  u t i l i t y  f u n c t i o n s .  T h a t  i s ,  i n  
c i r c u m s t a n c e s  o f  r i s k  and u n c e r t a i n t y  i n  t h e  q u a n t i t y  and 
t i m i n g  o f  t h e  incomes ,  o f t e n  t h e  c a s e  i n  b u s i n e s s  v e n t u r e s ,  
t h e  u t i l i t y  f u n c t i o n  t a k e s  a c c o u n t  o f  t h e  d e c i s i o n  m a k e r ' s  
a t t i t u d e  t o w a r d s  r i s k  b a k i n g .  
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